As the nano-motor becomes a mechanical reality, its prototype can be envisaged as nano-sized rotating machinery at a situation, albeit for different purposes, like that in the first half of the 20th century during which rotor dynamics has contributed to boosting machine power capacity. Accordingly, we take the benefit of hindsight to develop a classical framework of vibration analysis. Essentially, the equations of motion are formulated to cope with both the special carbon-nanotube properties and the first author's previously developed spinning beam formalism, establishing a model satisfactorily verified by some available molecular dynamics (MD) data and classical spinning beam results extracted from the literature. The model is inexpensive based on continuum mechanics as an alternative to the less-flexible MD method for simulating wave motion of the spinning single-walled carbon nanotube, yielding several interesting phenomena, including the fall-off and splitting of the wave characteristic curves and the unexpected gyroscopic phase property. Potential applications are proposed.
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Introduction
For the dynamic design of a conceptual nano-sized rotating machine, one has an aim to ascertain its smooth running through avoiding resonances with the force arising from running the shaft system. This justifies our study of the vibration of spinning carbon nanotubes (CNTs), with which a nano-motor has successfully been fabricated [1, 2] . Owing to the lattice feature of the CNTs, traditional continuum mechanics is not applicable straightforwardly but the need for a continuum model is obvious especially for a substitution of the more expensive and less-flexible molecular dynamics (MD) model for CNT vibration simulation. There are already some vibration studies in this regard using the so-called Timoshenko beam theory [3] [4] [5] and the Eringen's nonlocal elasticity theory [6] where special constitutive relationship has been employed to replace the traditional strain and stress relation, hereafter referred to as the nonlocal Timoshenko beam theory. Hamilton's principle [7, 8] and Flügge's shell theory [8, 9] are two other approaches, which have resulted in some energy formalisms [7] for our reference. The purposes of these investigations were to understand the effects of tube size, wavenumber, nanotube-lattice length, temperature-induced axial strain, and beam support nature, etc. on the CNT wave and/or vibration characteristics including phase speed, natural frequencies and/or mode shapes [3] [4] [5] [8] [9] [10] . The primary objective was to find data to underlie future design and development of nanoelectromechanical systems (NEMS) devices [10] .
The present authors, from the point of view of wave mechanics, consider vibrations of beams as waves in superposition, and have shown that to find the dispersion characteristics of the constituent waves is the essential task [11] . The second task facing us is the way that integrates the nonlocal elasticity (NE) effect into the formulation with the spinning CNT (a nano-sized rotor). For the non-spinning case, Wang and Hu [12] showed that the nonlocal elasticity is an important factor that makes the dispersion characteristics predicted by the nonlocal Timoshenko beam theory consistent with the MD benchmarking scheme, as shown in Figure 1 plotted in normalized form with data extracted from the MD result [12] and from our own spinning nonlocal Timoshenko beam model expressed as eq. (15), taking zero speed as a special case.
Our flexural beam model combines the shear deformation [11] [12] [13] [14] and nonlocal elasticity [6] in addition to the gyroscopic effect and the associated helicity properties [14] . So far as a spinning CNT rotor is concerned, this is the first model. Our aim is to provide a better understanding about CNT dynamics to extend its application. In particular, the gyroscopic effect can potentially be used for gauging directions and splitting vibration frequencies.
The rotational nano-motor has become a reality [1] that could see further development due to availability of some millimetre-long CNTs and smooth nano-bearings [2] . Related work [15] [16] [17] has already been in progress using atomistic approach, which has put forward a shaft speed limit of 5 rad/ps as a stability criterion and as a reason for a design with the inner nanotube as spinning rotor and with the outer one fixed [17] framing rather like a nano-rotating machinery in similitude of the traditional rotating machines [18, 19] .
This analogy provides us with a benefit of hindsight that we may proceed to establish a classical framework for design and analysis of the spinning CNT rotor vibration. The present paper is to formulate a mathematical model that represents the vibration of the spinning CNT rotor and to obtain exact expressions for the dispersion characteristics of the waves. MatLab is used to find phase speed (or frequency) versus wavenumber relationships for different rotor speeds with graphical results showing features like divergence, fall-off, wave and frequency splitting and helical structure arising either from the nonlocal elasticity or the gyroscopic effect. The finding of the 90 gyroscopic phase angle between the spin and bending angular velocities is surprising, which is often neglected classically and regarded as zero. is a column matrix with elements representing the translation and rotation displacements. D is an operator containing all the structural information about the spinning CNT. In this conceptual design, the nano-rotating machinery model has the interlayer surface force as supporting bearings to prevent the high speed shaft from contacting the stationary sleeves. The distributed force can be calculated by using suitable energy expressions in refs. [15] [16] [17] , denoted as V computed using the MD/atomistic simulation, by finding its
The localized bearing forces, expressed as a column matrix , [20, 21] while using atomistic simulation for computing the forces. Eqs. (a1), (a2) and (1) then yield
where
at the two bearing locations. D in eq. (2) is the same as that in eq. (1). Thus, we may separate the study into two parts: (1) Find D for an indefinitely long CNT rotor as a spinning nonlocal Timoshenko beam on which wave can propagate; (2) find B by computing the eight bearing coefficients, 4 for stiffness K and 4 for damping C.
The kinetic energy expressions and the gyroscopic phase
In the present problem, the gyroscopic and the nonlocal elasticity effect coexist. It is not in prior known if there is synergism between them and whether the CNT rotor vibration is in phase with its own spinning momentum. One needs to include these effects in the formulation. With a spinning speed, the CNT is attached to the coordinate system ,
x y z the so-called floating coordinate system [22] , which rotates at an angular velocity  relative to the right-handed fixed coordinate x y z system about the z axis in alignment with z o , as illustrated in Figure 2 . In the absence of a wave, the shaft is lying straight along and spinning about the z axis.
From Adali's flexural vibration result [7] , we make use of his energy formulations for an extension to a single-walled CNT modelled as a spinning nonlocal Timoshenko beam. The wave function 
Hamilton's least action principle and the governing equation of motion
Also based on Adali's result [7] , we may show that the potential energy (PE) expression for a beam with nonlocal elasticity does not appear to have changed from that of a beam without elasticity. The PE integral for our spinning CNT rotor is written as eq. (b6). The difference between KE and PE is called the Lagrangian L. Its integral with respect to time is called the action S. When the variation S is zero, the action is least [23] . Hamilton's principle is written as:
where the complete expressions for (1 )
the four-component expression of vibration in terms of translation and rotation as a column matrix, with respect to the floating coordinate system. In Appendix (C), eq. c3) is written for transformation of the coordinate from the floating to the fixed system while eq. (c4) expresses the transformations of the generalized coordinates, translation & rotation respectively. According to Goldstein, similarity transformation [24] is needed to be performed on o D to complete the so-called invariant transformation to obtain D. A simpler method using complex notations can be used as shown in Appendix C, proceeding from eqs. (c5) to resulting in eq. (c10) as the governing equation of motion in the fixed coordinate system. Owing to the physical insight that is implicit through the following analysis, we prefer to give the details in context here as: 
The nonlocal operator is now
Eq. (6) is reconverted as eq. (1) with
where the sub-matrices are the same as eqs. (7) and (8) 
Interpretation of the gyroscopic phase
The nonzero phase angles,  & , give us a surprise. Classically, gyroscopic top is considered as a rigid body [23] where the phase angles are zero. As a matter of hindsight, however, a spinning CNT beam element is elastic, vibrating at a certain characteristic frequency to produce the apparent precession [14] . The phase, referred to as the gyroscopic phase, can be nonzero. To examine this further from a physical point of view, the angular velocity due to bending is expressed as:
where the components , 
where / 
After some algebraic expansion, it becomes a dispersion equation either written as: 
or as Figure 1 . Comparison with the MD data [12] appears to be promising, both models exhibiting a fall-off trend for short wavelength. The two curves agree quite well over the whole wavenumber range, and the continuum model is in good agreement with the MD simulation. We also show the results in Figures 4-6 . Based on the above, we make a summary as follows.
Summary of the observations

Fall-off
As shown in Figure 1 , the short wave curves exhibit a fall-off trend for both the MD and nonlocal Timoshenko beam models, compared with the classical Timoshenko beam result. This trend is more prominent for the sa wave and does not appear to be markedly affected by the gyroscopic effect, as shown in Figures 4 and 5 . 
Divergence trend
As shown in Figure 1 , a divergence trend is noticeable at k greater than 0.6 indicative of the nonlocal elasticity effect on the shear coefficient . Employing Flügge's shell theory [8, 9] , one may find a more realistic shear coefficient by bridging the gap of the divergence.
Wave splitting and frequency splitting
Figures 4(a) and 4(b) show respectively the sa and sb dispersion curves, showing that wave splitting arises from the gyroscopic effect. The s a (s b ) wave splits into a rev-A RH and a rev-C LH revolving helical s a (s b ) FIS wave. The rev-C wave appears to travel faster than the rev-A wave.
Figures 5(a) and 5(b) show the  versus  curves, indicating the frequency splitting due to gyroscopic effect. This is especially marked for the sb wave.
Non-synergetic mechanisms
Figures 6(a) and 6(b) show that the wave splitting is more marked at lower wavenumbers than at higher wavenumbers, especially for the sb wave. The nonlocal-elasticity fall-off is more predominant at higher wavenumbers, especially for the sa wave. In the intermediate range, both the effects are slight. Thus, the two effects do not appear to constitute a synergism.
The frequency splitting phenomenon can be applied to produce a heterodyning vibration. The heterodyning frequency can be used as a more suitable frequency for measuring the spinning speed of CNT rotor if required because the vibration frequencies themselves may be too high for direct measurement. With a revolving wave, the CNT rotor behaving like a gyroscope can be used to gauge direction. The fall-off phenomenon corresponding to the zero group velocity [27] can be used to produce a vibration energy trap for short-wavelength waves. Since the group velocity governs wave energy transport rate, the gyroscopic effect could allow one to adjust energy transportation through varying the spinning speed. The expression for group velocity / k    can be found from equation (D5) by using MatLab.
A framework for dynamic design of nano-rotor
For the dynamic design of conceptual nano-sized rotating machinery, one has an aim to ascertain its smooth running through avoiding resonances with the force arising from running the rotor system. The initial step is to find the dispersion characteristics for the constituent helical waves on the CNT shaft, based on which the principal normal modes can be found. We may use MatLab and equation (15) boundary conditions, the revolving principal normal modes are established using the scheme proposed by Chan et al. [14] (p3921). The normal modes are then used as components in normal mode expansion to represent vibration of the actual CNT rotor with bearing damping and external forces.
Appendix A The bearings and the bearing coefficients
The spinning shaft is elastic and supported on two bearings. It responds to external forces to assume a vibration shape (forced mode shape) with a form depending on how close its running speed is to the natural frequencies [20, 21] . The bearings are regarded as consisting of springs and dampers localized at the supporting positions. Their characteristics are modelled using a stiffness and a damping coefficient matrix written as xx xy yx yy
respectively. The localized forces [21] 
F z t w z t w z t F z t w z t w z t
where the cross-diagonal elements of K & C couple the motion between the x and y coordinates. Traditional bearings use oil films for lubrication. The eight coefficients of K & C are measured by experiments or calculated based on fluid mechanics theories like using the Reynolds equation [22] . However, the forces at the CNT bearings are due to atomistic potential. Assuming no torques to be generated by the CNT potential, the bearing force is written as 
This force is localized at each bearing support as external force. It is not dependent on the nonlocal elasticity effect.
Appendix B B.1 Mechanical energy formalism for the CNT rotor
The different parts of KE of the spinning Timoshenko beam are expressed as:
. 
From these equations, we may group the translational and rotational energies to rewrite 
The phases i e  and i e  are determined in the main text.
Strain energy expression for a beam with nonlocal elasticity does not appear to have changed from that of a beam without NE [7] , viz. nl l .
V V 
The NE parameter, , does not appear in the potential energy (PE) expression. The PE integral is written as:
B.2 The variation of kinetic and potential energies
Carrying out integrations by parts, and according to each generalized coordinates, one may group terms to obtain the variations of the KE integrals for the spinning CNT rotor as: 
Similarly, we carry out the same procedure as above to obtain the PE integrals as: 
